The Green-Schwarz action for a non-BPS p=2 brane embedded in a N=1, D=4 target superspace is shown to be equivalent to the Nambu-Goto-Akulov-Volkov action obtained via the nonlinear realization of the associated target space super-Poincaré symmetries. Introducing a U(1) gauge field strength as a Lagrange multiplier, this p=2 brane action is re-cast into its equivalent dual form non-BPS D2-brane BornInfeld action. Following the procedure given by Sen, the Green-Schwarz action for a non-BPS D2-brane is determined directly. From it, conversely, the dual form non-BPS p=2 brane action is derived. The p=2 brane and the D2-brane actions obtained by these two approaches are different in form. Through explicitly determined field redefinitions, these actions are shown to be equivalent.
Introduction
Super p-brane dynamics can be obtained by means of the Green-Schwarz method [1] for constructing the brane action. In the BPS case the action consists of two sets of separately super-Poincaré invariant terms which are related to each other by κ-symmetry [2] . Exploiting this local fermionic symmetry, half of the fermionic world volume fields can be set to zero along with the Wess-Zumino set of action terms in order to achieve the final form of the BPS brane action. The super Dp-brane actions can be obtained by means of duality transformations of the super p-brane actions [3] . Indeed the action for a BPS super D2-brane embedded in D=10 superspace was first obtained by a duality transformation on the action for a BPS super p=2 brane action embedded in D=11 superspace [4] . In addition, non-BPS branes occur in field theory [5] as well as string theory [6] [7] 4 . Excluding the Wess-Zumino action terms from the total Green-Schwarz action ab initio eliminates the κ-symmetry of the action and so prevents the gauging away of half of the fermionic fields. With all fermionic fields present the resulting super-Poincaré invariant action describes a non-BPS brane action. This approach can be applied to the construction of non-BPS p-brane actions as well as non-BPS Dp-brane actions.
Besides the above Green-Schwarz approaches to brane dynamics, the coset method [9] [10] has been used to construct actions for static gauge BPS super p-branes [11] and BPS super Dp-branes [12] . Nonlinearly realized supersymmetry in non-BPS Dbranes was emphasized in [13] . In reference [14] the action for a non-BPS p=2 brane embedded in N=1, D=4 superspace was constructed via the nonlinear realization of the spontaneously broken super-Poincaré symmetries of the target superspace. The action described the motion of the brane in N=1, D=4 superspace through the brane localized Nambu-Goldstone boson field φ associated with motions in space directions transverse to the brane, hence in the direction of the broken space translation symmetry. It also involved brane localized D=3 Majorana Goldstino fields θ i and λ i , i = 1, 2, describing brane oscillations in Grassmann directions of superspace which 4 In string theory, unstable non-BPS branes whose effective action includes a tachyon [8] , as well as stable non-BPS branes, are discussed are associated with the completely broken N=1, D=4 supersymmetry (SUSY). The action, after application of the "inverse Higgs mechanism" [15] , is the N=1, D=4
super-Poincaré invariant synthesis of the Akulov-Volkov [9] and Nambu-Goto [16] actions Exploiting the coset method further, the action was shown to be dual to the action for a space-filling non-BPS D2-brane whose supersymmetric Born-Infeld [17] action was given by 2) where the Akulov-Volkov metric is given byĝ mn =ê a m η abê b n and the field strength vector and tensor are related as
The purpose of this paper is to determine the action for a non-BPS p=2 brane embedded in N=1, D=4 superspace and the action for a space-filling N=2, D=3 non-BPS D2-brane directly by means of the Green-Schwarz [1] approach as modified by Sen [6] for the non-BPS case. The actions dual to these actions are then determined.
In the cases that the actions obtained are of a different form than the corresponding brane actions obtained by means of the coset method their equivalence is established through explicit field redefinitions. Specifically in section 2, the non-BPS GreenSchwarz method is used to obtain the action for a non-BPS p=2 brane. Its form, in the static gauge, is the same as that obtained via the coset method, equation (1.1) .
Introducing a U(1) gauge field strength as a Lagrange multiplier, the dual form of this action is found to have the same Born-Infeld form as obtained using the coset method, equation (1.2) . In section 3, the procedure of Sen is applied to the spacefilling N=2, D=3 non-BPS D2-brane case in order to obtain its Green-Schwarz action directly. This non-BPS D2-brane action in an arbitrary gauge is found to be
where F mn = F mn − b mn with the two form b mn given in terms of the brane degrees of freedom so that F mn is supersymmetric. Further this action is shown to be dual to the action for a non-BPS p=2 brane embedded in N=1, D=4 superspace with the 4) where now the two form b mn couples directly to the trivially conserved current 
Multiplication by the group elements and use of the Baker-Campbell-Hausdorf formula yields the induced motion in superspace. For translations and SUSY transformations it is obtained that the group multiplication law
Proceeding similarly, all the N=1, D=4 super-Poincaré symmetry transformations, including R symmetry (cf. equation (2.10) ), are obtained
where δx µ = x ′µ −x µ , and so on. These variations represent the SUSY charge algebra, for example
According to the Green-Schwarz construction [1] , the SUSY (and translation) invariant one-forms ∂ m θ , ∂ mθ and
can be used to construct the translation and SUSY invariant induced world volume metric g mn
Thus, the action for a non-BPS p=2 brane embedded in N=1, D=4 superspace is given by
where σ is the brane tension. Besides being N=1, D=4 super-Poincaré invariant, the action is world volume reparametrization invariant. Consider the reparametrization ξ = ξ(ξ ′ ), the world volume element is rescaled by the Jacobian
while the world volume one-form transforms as a world volume vector Π
Hence the metric is indeed a world volume two tensor and √ det g a world volume density, det g(ξ) = (det ∂ξ ′ /∂ξ) det g(ξ ′ ). Thus the action is left invariant.
The reparametrization invariance can be used to choose the static gauge in which the world volume coordinates are chosen to be the first three space-time coordinates, ξ m = x m while the remaining space point is re-labeled as the p=2 brane degree of 
The R charge is a singlet from both points of view. Finally the D=4 SUSY ( 8) where (σ x , σ y , σ z ) are the Pauli matrices and
The N=1, D=4 super-Poincaré algebra can be written in terms of these N=2, D=3 representation charges as
Note, the notation used in this paper is that of reference [14] , in particular the charge conjugation matrix and the 2 + 1 (D=3) dimensional gamma matrices in the appropriate associated representation are given there.
The group element Ω is now parameterized by the coordinates of the centrally extended N=2, D=3 superspace,
The above transformation algebra induces a motion in N=2 superspace, 11) resulting in the linear representation of the N=2, D=3 transformation generators
Once again these variations obey the N=2, D=3 SUSY transformation algebra, for
These transformations are precisely of the same form for the total variations of the fields that are obtained by means of the coset method. This is because the same exponential representation of the subgroup elements is used as in reference [14] .
The N=2 SUSY invariant one forms now become
14)
The induced metric on the world volume, requiring D=4 Lorentz invariance (specifically under the broken K m transformations), now is given by
Equivalently, equations (2.14) and (2.15) are obtained by substituting the expressions for θ α andθα in terms of θ i and λ i (i.e. θ α Q α +θαQα =θ i q i +λ i s i ), 16) into equations (2.5) and (2.6). The N=1, D=4 super-Poincaré invariant action is as
Introducing the Akulov-Volkov induced dreibein in this general gaugê with the Nambu-Goto metric n ab given by 2.20) where the Akulov-Volkov partially covariant derivative,D a , and the partially covariant derivative of φ,∇ a φ, are, respectively,
The determinant of n ab is simply
Hence, taking the square root of this determinant, the action for the non-BPS p=2 brane embedded in N=1, D=4 superspace is obtained 
The action reproduces that found in [14] , equation ( 
In particular x m must remain in the static gauge, hence it is required thatδx m = 0, thus the compensating factor is determined for each super-Poincaré transformation
These compensating terms reproduce the intrinsic variations of the fields obtained in reference [14] by means of the coset method. The compensating factors are the Taylor expansion factors necessary to go from the linearly represented total variations of the fields to the nonlinear realizations of the intrinsic (Lie) transformations. The static gauge action is invariant under the nonlinearly realized N=1, D=4 super-Poincaré variations of the φ, θ, λ fields (dropping the bar on the intrinsic variationsδ → δ)
In general in D=3 a scalar field and a U(1) gauge field provide equivalent descriptions for the single field degree of freedom. Returning to the action in a general gauge, equation (2.23) , this relation can be made explicit by first introducing a Lagrange multiplier field L a in order to define k a =∇ a φ so that the action becomes 
At the same time the Bianchi identity allows φ to be eliminated from the action by an integration by parts as seen below.
The k a field equation is algebraic and allows k a to be directly eliminated from the action in favor of L a and hence
Thus it is obtained that k 2.33) while squaring yields the equation
Substituting these into the p=2 brane action (2.28), the dual D2-brane Born-Infeld action is secured (2.36) the action is obtained in the general gauge 2.37) where the φ term has been eliminated by an integration by parts and the use of the Bianchi identity ∂ m F m = 0, as alluded to above. Once again going to the static gauge, the action of [14] , equation (1.2) (2.18)
with the associated invariant Akulov-Volkov metric made with the Minkowski metric η ab (not the Nambu-Goto metric n ab as in equation (2.19))
In addition a non-BPS D2-brane is described by a gauge potential A m through a generalized SUSY invariant field strength F mn = F mn − b mn where F mn = ∂ m A n − ∂ n A m and b mn is a world volume 2-form. The b mn can be found by its required property that its SUSY variations are exact, δ q,s b = dβ. Following the construction of [3] and [6] , b mn is given by
Applying the SUSY variations to b mn it is found that
Since the variations are exact, F mn can be made SUSY invariant, δ q,s F mn = 0, by canceling the b mn variations with those of the gauge field A m
The N=2, D=3 super Poincaré invariant non-BPS D2-brane Born-Infeld action is given by, equation (1.3),
Recalling equation (3.2) for the metric, the action becomes, including a Lagrange multiplier field, Λ mn , defining the field strength tensor,
where for any antisymmetric 2-tensor, T mn , the corresponding vector density, T m , is given by T m = 
The contravariant and covariant tangent space vectors are related as T a = η ab T b .
Ordinary contravariant and covariant world volume vectors are related as usual by 3.9) and equation (3.8) , world volume tensor expressions are readily converted to the corresponding tangent space tensor ones, for example,
The non-BPS p=2 brane action dual to this non-BPS D2-brane action can be obtained by eliminating the now independent field strength tensor. The field equations for the field strength, δΓ/δF a = 0, yield an algebraic relation between it and the Lagrange multiplier and Goldstino fields
Squaring this equation yields 11) and contracting the equation with Λ a gives
Substituting these expressions into the action (3.7) results in
Applying the gauge field equation of motion, δΓ/δA
implies that the Lagrange multiplier is given by the curl of a scalar field (detê)
(3.14)
Integrating the gauge field terms by parts and setting ∂ m ((detê)Λ mn ) = 0 yields the dual action for a non-BPS p=2 brane embedded in N=1, D=4 superspace, equation (3.15) 4 Field Redefinitions And Equivalent Actions
As stated in the introduction, the non-BPS p=2 brane action obtained by the GreenSchwarz and coset methods, equation (1.1), differs from the above action, equation (3.15) ((1.4) ), obtained by duality from the direct construction of the non-BPS D2-brane action, equation (3.6) ((1.3) ). Or, mutatis mutandis, the Akulov-VolkovNambu-Goto action in equation ( 2) ). Proceeding analogously to the above, the action (2.37) with Lagrange multiplier is introduced
Applying the equation of motion for the field strength, δΓ δFa = 0, it is found that
Once again, squaring the equation yields 3) while contracting with (
Substituting these into equation (4.1) , the action becomes
Applying the A n field equation results in Λ a =D a φ and hence the Nambu-GotoAkulov-Volkov action of equation (2.23) for a non-BPS p=2 brane embedded in N=1, D=4 superspace is obtained (4.6) Since these actions describe the dynamics of the same extended objects, either a non-BPS p=2 brane or a non-BPS D2-brane, there is an equivalence relation between them. Returning to the direct Green-Schwarz form of the D2-brane action, equation (3.6) , a field redefinition for the field strength tensor in equation (3.7) , now denoted with a prime, F ′ mn = F mn + y mn , is required in order to express the action in the alternate form of equation (4.1). The field redefinition y mn is determined by requiring the Lagrangian of equation (3.7) to be equal to that in equation (4.1) 
This yields the equation for y mn
Isolating the square root containing y a and squaring the equation leads to the vanishing of a quadratic form in y a y a A ab y b + 2B a y a + C = 0, (4.9) with the coefficients given by 10) where
The solution to this equation is a surface of the general form 11) where u a is an arbitrary time-like unit vector, u a u a = 1, and
In the purely bosonic case, when the Goldstinos are absent, the action reduces to the pure Born-Infeld action in both cases. Hence the unit vector u a is fixed by requiring no field redefinition in the case of θ i = 0 = λ i . Thus y mn | θ=0=λ = 0 is an equation for 14) where C| θ=0=λ = 0. With zero subscripts denoting the value of the quantities at θ i = 0 = λ i , the solution for the required field redefinition is found 15) with
The non-BPS p=2 brane action, equation (3.15) , obtained by duality from the non-BPS D2-brane action, equation (3.6) , also can be shown to be equivalent to the GreenSchwarz method and coset method action, equation (2.23) , by a field redefinition directly. Consider the p=2 brane action of equation (3.15) , including a Lagrange multiplier vector density L m to define the vector field v
The vector field can be redefined v ′ m = v m + y m so that this action becomes that of equation (2.23) , including a Lagrange multiplier,
Setting the Lagrangians equal implies the equation for the required field redefinition with 2) ), for a space-filling non-BPS D2-brane in N=2, D=3 superspace, which was first obtained by the coset method in [14] . Applying the Green-Schwarz methods of Sen [6] to the case at hand, another form of the action for the non-BPS D2-brane was obtained, equation (3.6) ((1.3) ). The dual non-BPS p=2 brane action to this, equation ( 
